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We would like to investigate on the solution to the automatic control problem
Ž . Ž Ž . Ž ..given by the differential equation y t  f t, y t , w t for a given initial function
Ž .x in the initial domain D x, , Y for almost all t in the interval I, with controls
Ž . Ž Ž . Ž .Ž ..given by w t  g t, y t , T y t , where T is a nonanticipating and Lipschitzian
Ž . Ž Ž .operator. The result will be generalized for a dynamical system y t  f t, y t ,
Ž . Ž .. Ž .T y , u t .  2002 Elsevier Science USA
DEFINITIONS
  In what follows Y, Z, U will be Banach spaces, and I 0, t , S t : t1
4 Ž . 0 , J I S. Denote by M K , Y the Banach space of all essentially
bounded Bochner measurable functions from an interval K into a Banach
space Y with respect to classical Lebesgue measure. The norm in this
  Ž .space will be the essential supremum norm . Elements of M I, Y are
Ž .called admissible controls. Define L , K , Y to be the Banach space of all
Lipschitzian functions y: K Y with Lipschitz constant , strongly dif-
ferentiable almost everywhere on K. For a fixed initial function x
Ž . Ž .L , S, Y we define the Lipschitzian initial domain, denoted by D x, , Y ,
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Ž .to be the subset of L , J, Y consisting of all functions y such that
Ž . Ž .y t  x t for all t S. That is,
D x ,  , Y  y L  , J , Y : y  x . 4Ž . Ž . s
Ž .This set can be considered a subset of the space M I, Y . Elements of
Ž .D x, , Y are called Lipschitzian trajectories.
Ž . Ž .Lipschitzian space or simply the Lip-space , denoted by Lip K , , Y; Z ,
Ž .is the set of all functions f : K  Y Z such that f t, y is uniformly
bounded by , Lipschitzian in y, and measurable in t. That is,
Ž .  Ž .Lip K , , Y; Z  f : K  Y Z  f is Lipschitzian in y and f ., y 
Ž .4M K , Z . The infimum of all Lipschitzian constant L will be denoted by
 f .
An operator P from a subset D of Y into Z is said to be Lipschitzian if
 Ž . Ž .   there exists a constant b such that P y 	 P y 
 b y 	 y for every1 2 1 2
y , y  Y.1 2
Ž . Ž . Ž .For f Lip I, , Y; Z the operator F: M I, Y M I, Z defined by
Ž .Ž . Ž Ž ..F y t  f t, y t is called operator induced by f.
Properties of the nonlinear operator F induced by the function f have
  Ž .been studied in 5 . In particular, we know that for f Lip I, , Y; Z and
Ž . Ž . Ž Ž ..yM I, Y the function g : I Z defined by g t  f t, y t belongs to
Ž .the space of measurable functions M I, Z .
Ž . Ž .An operator T : D x, , Y M I, Z is called nonanticipating if for
Ž .every two functions y, zD x, , Y and every s I, the fact that
Ž . Ž . Ž .Ž . Ž .Ž .y t  z t for almost all t  s implies T y t  T z t for almost all
t  s.
When an operator T is nonanticipating, the future values of the input
will have no effect on the present state. One can prove that the delay
Ž .operators with variable or constant delays and integral operators are
nonanticipating. Also, the composition and the Cartesian product of
nonanticipating and Lipschitzian operators are nonanticipating and Lips-
chitzian. Furthermore, the operator F induced by the function f is well
defined, nonanticipating, and Lipschitzian operator with Lipschitz constant
. The solution to a nonlinear differential equation in an abstract space
 has been studied in many directions during the past decades 2, 3 . The
existence and uniqueness of the solution to the nonlinear operator differ-
 ential equation has been proved by Bogdon 4, 5 .
Ž .THEOREM 1 V. Bogdan . Gien a nonanticipating and Lipschitzian
Ž . Ž . Ž .operator G: D x, , Y M I, Y , there is a unique solution yD x, , Y
Ž . Ž .Ž .such that y t G y t for almost all t I.
The existence and uniqueness of the solution to the dynamical system in
Ž .the following proposition for the initial domain D x, Y , which is indepen-
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 dent of Lipschitzian constant , has been investigated in 1 . For the sake
Ž .of completeness, we will present a similar proof, in which the solution y t
Ž .of the dynamical system belongs to the Lipschitzian domain D x, , Y .
Ž . Ž .THEOREM 2. Let f Lip I, , Y Z  U; Y . If T : D x, , Y 
Ž .M I, Z is a nonanticipating and Lipschitzian operator, then for any control
Ž . Ž .function uM I, U there is a unique solution yD x, , Y satisfying the
state equation
y t  f t , y t , T y t , u t 1Ž . Ž . Ž . Ž . Ž . Ž .Ž .
for almost all t I.
Ž .Proof. Consider a fixed admissible control uM I, U and let
Ž . Ž . Ž .E: M I, Y M I, Y be the identity operator E y  y, which is nonan-
Ž . Ž .ticipating and Lipschitzian, and let U : D x, , Y D x, , Y be theu
constant operator
U y  u.Ž .u
Also, we define another operator g by
g y  E y , T y , U yŽ . Ž . Ž . Ž .Ž .u
Ž .for all yD x, , Y . Since T is nonanticipating and Lipschitzian, so is
the Cartesian product g E  T U . Now we define operator G byu
G y t  f t , g y tŽ . Ž . Ž . Ž .Ž .
Ž .for all yD x, , Y and all t I. Notice that G F g, where F is the
Ž .operator induced by the function f Lip I, Y Z U; Y . Since F is
nonanticipating and Lipschitzian, so is the composition operator G. There-
Ž .fore, the differential equation 1 is equivalent to
y t G y t 2Ž . Ž . Ž . Ž .
for almost all t I. By Theorem 1, the latter has a unique solution. This
completes the proof of existence and uniqueness of a trajectory in
Ž . Ž .D x, w, Y satisfying differential equation 1 .
Let us return to the nonanticipating operator differential equation
y t  f t , y t , u t 3Ž . Ž . Ž . Ž .Ž .
for almost all t I, with an automatic control relation defined by
uW y if and only if u t  g t , y t , T y t . 4Ž . Ž . Ž . Ž . Ž . Ž .Ž .
Ž .THEOREM 3. Let f Lip I, , Y Z U; Y , and let T be a nonantici-
pating and Lipschitzian operator. Then for eery initial function X, there exists
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Ž .a unique solution to the automatic control problem gien by Eq. 3 and
Ž . Ž .relation 4 in the initial domain D x, , Y .
Ž . Ž .Proof. Consider the identity operator E: M I, Y M I, Y defined
Ž . Ž .by E y  y. The operator W defined in relation 4 will be equivalent to
the composition of the Cartesian product of the operators E  T and the
Ž .induced operator generated by g ; that is, W g E  T . Thus W will
Ž .map the initial domain D x, , Y into the space of Bochner measurable
Ž .functions M I, Y and is nonanticipating and Lipschitzian.
Ž . Ž .Combination of 3 and 4 will result in differential equation
y t  f t , y t , W y t  f t , y t , g t , y t , T y tŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .
for almost all t I. As seen in Theorem 2, this dynamical system will be
Ž . Ž Ž . Ž .Ž ..equivalent to y t  f t, y t , T y t for almost all t in I.
Ž .Therefore, for any admissible control uM I, U , there exists a unique
Ž .solution yD x, , Y .
CONCLUSION
Ž . Ž .Suppose operators T , T : D x, , Y M I, Z are nonanticipating1 2
and Lipschitzian. The result of this theorem can be generalized to a
dynamical system
y t  f t , y t , T y t , u t , 5Ž . Ž . Ž . Ž . Ž . Ž .Ž .1
Ž . Ž .where f Lip I, , Y Z U; Y and yD x, , Y . Consider the au-
tomatic control given by the relation
u t  g t , y t , T y t . 6Ž . Ž . Ž . Ž . Ž .Ž .2
We can verify the existence and uniqueness of the solution y in the initial
Ž . Ž .domain satisfying the dynamical system 5 with the automatic control u t
Ž .given by 6 . This can be achieved by introduction of an operator W similar
Ž .to 4 ,
 W y if and only if  t  g t , y t , T y t , 4Ž . Ž . Ž . Ž . Ž . Ž .Ž .2
which will result in
y t  f t , y t , T y t ,  t . 7Ž . Ž . Ž . Ž . Ž . Ž .Ž .1
Ž .Operator W induced by g is equivalent to g E  T , where E is the2
Ž .identity operator. Now if we define operator G f E  T W in-1
Ž .duced by f , then G is nonanticipating and Lipschitzian, and 7 will be
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transferred to a nonanticipating Lipschitzian operator differential equa-
tion
y t G y t . 8Ž . Ž . Ž . Ž .
By Theorem 1, the solution y exists in the initial domain and is unique.
DISCUSSION
Ž .The dynamical system 1 is equivalent to the integral equation
t
y t  y 0  f s, y s , z s , u s dsŽ . Ž . Ž . Ž . Ž .Ž .H
0
Ž .for all t I, where z T y . By Theorem 2 for any admissible control
Ž . Ž .uM I, U there is a unique trajectory yD x, , Y that satisfies the
Ž .state equation 1 . This will introduce an operator
 : M I , U D x ,  , YŽ . Ž .
Ž .defined by  u  y. One can use Theorem 2 to show that  is well
Ž .defined in the topology generated by the space L  , Y of Bochner
summable functions.
LIST OF SYMBOLS
 I the interval 0, t1
U, Y, Z Banach spaces
Ž .M K , Y Banach space of all essentially bounded Bochner measur-
able functions from an interval K into Y with respect to
classical Lebesgue measure
Ž .L , K , Y Banach space of all Lipschitzian functions y: K Y with
Lipschitz constant , strongly differentiable almost every-
where on K
Ž . Ž .D x, , Y subset of L , J, Y consisting of all functions y such
Ž . Ž .that y t  x t for all t S
Ž . Ž .Lip K , , Y; Z the set of all functions f : K  Y Z such that f t, y is
uniformly bounded by , Lipschitzian in y, and measur-
able in t.
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